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THE BUCKLING AND POST-BUCKLING BEHAVIOR OF
SPHERICAL CAPS UNDER CONCENTRATED LOAD*

JAMES R. FITCHt

Harvard University, Cambridge, Massachusetts

Abstract-The elastic buckling and initial post-buckling behavior of clamped shallow spherical shells under
concentrated load is considered. It is found that bifurcation into an asymmetric deflection pattern will occur
before axisymmetric snap-buckling unless the ratio of the shell rise to the thickness lies within a narrow range
corresponding to relatively thick shells. The initial post-buckling analysis indicates that the shell retains its load
carrying capacity as it makes the transition to asymmetric behavior. These results are in qualitative agreement
with available experimental data.

INTRODUCTION

THE subject of this paper is the buckling and post-buckling behavior ofclamped spherical
caps loaded by an inwardly directed concentrated force at the apex (Fig. 1). Several previous
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FIG. I. Geometry of a clamped spherical cap.
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studies of this problem [1-6] have dealt with the question of finding the critical load for
axisymmetric snap-buckling. The work presented here was undertaken to investigate the
possibility that the deformation of the cap becomes asymmetric at a load below the critical
load predicted by the axisymmetric theory. The locus of equilibrium points on a plot of
load vs. apex deflection might, for example, have a bifurcation point as shown in Fig. 2.

O~-----------------
APEX DEFLECTION

FIG. 2. HypotheticallQad-deflection curve for a clamped spherical cap.

On this plot the fundamental axisymmetric equilibrium path is represented by OAR
The load corresponding to the local maximum at B is the critical load for axisymmetric
snap-buckling. Asymmetric deformation could, however, start to develop at the smaller
load corresponding to the bifurcation point A. In the neighborhood of A the bifurcation
path could initially rise or fall. A rising curve (AC) means that the transition to asymmetric
behavior occurs smoothly without loss of load-carrying capacity. A falling curve (AD),
on the other hand, indicates that the transition is marked by sharp snap-buckling. The
objective of the present study, then, is the calculation of the minimum load at which asym­
metric bifurcation can occur, and the initial slope of the bifurcation path.

The axisymmetric studies referred to above date back to the work of Biezeno [1]. In his
analysis, as well as in that of Chien [2] and Ashwell [3], an approximate technique was used
to account for the non-linear character of the problem. The critical loads predicted by these
authors for a cap without edge moment or horizontal restraint are in reasonable agreement
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with each other, and with experimental values obtained by Ashwell. Archer [4J carried out
the first detailed numerical study of the unrestrained edge problem. He used a direct
iterative technique to solve Reissner's non-linear equations, and calculated the load deflec­
tion curve up to the point at which the procedure first failed to converge. He hypothesized
that the convergence failure was caused by the fact that a local maximum had been reached,
and he presented the corresponding load as the critical load. In making this hypothesis he
recognized the possibility that the convergence failure might have occurred at a load
significantly below the true maximum. Mescall [5, 6J used a different numerical technique
to solve the same equations and found that, except for relatively thick shells, the true
maximum did occur well beyond the point where Archer's procedure failed to converge.
His results agreed well with experimental critical loads reported by Evan-Iwanowski [7].
He also calculated load-deflection curves possessing a local maximum for the clamped cap.
Penning and Thurston [8J undertook a joint analytical and experimental study of the
clamped cap. Their experiments indicate that the deflection will become asymmetric
before axisymmetric snap-buckling occurs. Their data also indicate that the shell retains
its load-carrying capacity as it makes the transition to asymmetric behavior. The analytical
and numerical work reported by these authors, however, failed to predict the existence of
critical loads for asymmetric buckling.

In this paper a detailed investigation of the clamped edge problem is carried out on the
basis of Marguerre's non-linear shallow shell theory [9]. Critical loads for asymmetric
buckling are calculated by a standard perturbation technique which leads to a linear
eigenvalue problem. Then an extension of the perturbation idea is used to investigate the
initial post-buckling behavior, and in particular to calculate the initial slope of the bifurca­
tion equilibrium path.

The results of the present buckling calculation were shown previously in a survey paper
by Budiansky and Hutchinson [10]. Also, through a recent personal communication the
author was made aware ofa study ofthe buckling problem by Bushnell [11Jofthe Lockheed
Palo Alto Research Laboratory. The numerical results obtained by him are in excellent
agreement with those of the present study.

BUCKLING OF A SPHERICAL CAP

Basic equations

The analysis will be restricted to shells which are both thin and shallow. This means that
the ratio of the thickness to the radius of curvature is much less than unity, and that the
ratio of the apex rise to the base diameter is less than about k. With these restrictions
Marguerre's non-linear shallow shell equations can be used. For a spherical cap under
concentrated load these equations can be written in the non-dimensional form

(1)

(2)
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where x and eare polar coordinates in the base plane (Fig. 3) and
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FIG. 3. Stress resultants, moments, and displacements.

The symbol c5(x) denotes the standard "delta-function" which has the properties

c5(x) = 0 x¥O

J: c5(y) dy = t x> O.
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The non-dimensional radial coordinate x, vertical deflection w, stress function j; and load
p are related to the corresponding dimensional quantities by

Je
x =-r

ro

Je2
w=-w

2H

PR
p = 2nD

where ro , H, t, and R are respectively the base radius, apex rise, thickness, and radius of
curvature of the shell (Fig. 1), E is Young's modulus, and D is the bending stiffness
[= Et 3/12(1- v2

)]. The geometry parameter Je is defined by

Je = 2[3(1- V2)J 1/4(~r2

and v is Poisson's ratio. A similar non-dimensionalization was introduced by Huang [12J
in his treatment of the spherical cap under uniform pressure. The completely clamped
condition at the outer edge (no displacement or rotation) means that for x = Je

w=o

w' = 0

v v f1"-)/'- Je2 = 0

Je(r -~ /'-~f)' -~ /'-~f+vr +2(1 +V)(~f)' = o.
X x2 Je Je2 X

(3)

(4)

(5)

(6)

Huang has shown that (5) and (6) are equivalent to the statement that the horizontal radial
and horizontal tangential displacements vanish at the boundary. Equations (1}-(6), when
augmented by appropriate conditions at the apex, give a complete description of the
problem.

Axisymmetric behavior

If the deformation is axisymmetric it is easily shown that the above equations reduce to

1
(xE>')'-~E>+x<1> = -p+E><1>

x

1
(x<1>')' --<1>-xE> = -te2

x

E>(Je) = 0

Je<1>'(Je) - v<1>(A) = 0

(7)

(8)

(9)

(10)

where E> = -w' and <1> = /'. The description of the axisymmetric problem can be com­
pleted by requiring that the shell remain smooth at the apex, and that the membrane
forces remain bounded. These conditions cannot be satisfied unless

lim E>, <1> = O.
x-+O

(11)
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(12)

Equations (7Hll) have been obtained by several previous investigators [4, 5, 8]. They
govern the cap behavior until asymmetric bifurcation occurs.

Buckling equations

To detect the occurrence of bifurcation buckling a solution to (1H6) is sought in the
form

jw1= jt:0dXl +( jWI(x'8)l

I f fa <I> dxf II (x, 8) j
where ~ is an infinitesimal scalar parameter. Substitution of (12) in (1H6), simplification
with the help of (7Hll), and linearization with respect to ~ gives

n4 n2f ( 1I' 1 J) 0' 1 "ffiv WI = v 1- - I +2 I ~ +-wI'V
X X X

-~ f'{E>+ (~W'I +~WI)<I>'
x x x 2

2 (1, 1 .. ), 1 "V~I = - V WI + -WI +2WI E> +-wlE>
x x x

and boundary conditions (3H6) on (WI Jd. The buckling equations constitute a linear
eigenvalue problem in which the parameter p, whose lowest eigenvalue is sought, enters
implicitly through the functions E> and <1>. If the solution is taken in the form

{;J = {;Ij cos n8

the equations for (WIn' Iln) are found to be

L;(Wln) = Ln(fln)- (~f'ln-n:Iln)E>' +~W'{n<l>-~f'{nE> + (~W'ln- n: Wln)<I>'
X X X X X x

L;(fln) = -Ln(Wln)+(~W'ln- n:Wln)E>'+~W'{nE>
x x x

WlnC~.) = 0

W'ln(A) = 0

f'{n(A)-i f'ln(A) + ~22V Iln(A) = 0

1 3n2

Af'{'n(A)-;:[1-v+(2+v)n2J f'ln(A)+y Iln(A) = 0

where

(13)

(14)

(15)

(16)

(17)

(18)
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The description of the buckling problem was completed by requiring that

lim w1n,fln,XW'{n,x!'{n = O.
x--+O

(19)

These conditions make the apex deflection single valued, and limit the severity of the
expected singularity in the membrane forces and bending moments.

The smallest value of p for which equations (l3H19) admit a solution, for any integer
n, is the critical load for bifurcation buckling. Bifurcation will, of course, be the controlling
phenomenon only if it occurs before axisymmetric snap-buckling.

Numerical results

The critical load for asymmetric buckling was calculated numerically over a large range
of the geometry parameter A. A value of t was used for Poisson's ratio. In the numerical
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FIG.4. Buckling and post-buckling of clamped spherical cap under concentrated load.



428 JAMES R. FITCH

procedure the shell meridian was divided into equal sub·intervals, and central difference
formulas were used to approximate the derivatives in equation (13H19). The critical load is
the smallest value of p for which the determinant of coefficients of the resulting linear alge·
braic system vanishes. The axisymmetric equations (7H 11) must, of course, be solved in
order to evaluate this determinant. The method used to solve the axisymmetric problem,
and the details of the procedure used to locate the critical load are given in Appendix B.
The results are displayed in the top half of Fig. 4. For A < 7·8 no evidence of bifurcation or
axisymmetric snap-buckling was found. For 7·8 < }, < 9·2 a local maximum on the axi­
symmetric load-deflection curve was encountered with no prior evidence of bifurcation.
These buckling loads were previously obtained by Mescall [5,6]. The maxima are quite
gentle and approach a point of inflection as Atends to 7·8. For A > 9·2 asymmetric bifurca­
tion occurs before axisymmetric snap-buckling. The solid curve represents the critical
load. The dashed curves, which represent higher eigenvalues of the buckling equations,
have been included for completeness. The mode shape associated with the critical load
has three, four, or five circumferential waves depending on the value of it. As Atends to large
values the critical load approaches a limiting value of 10·8. For such }, the disturbance
introduced by the load is confined to the region near the apex, hence this limiting value can
be taken as the buckling load for a very thin complete sphere under diametrically opposed
point loads. In Fig. 5 an example of the radial mode shape associated with the ~riticalload

is shown. The single intermediate node was a characteristic property. A comparison of the
above results with available experimental data is presented below in the Discussion.

QI---::.--'-------J'-----'----1r--'-------:>"-'--

FIG. 5. Buckling mode shape Ie ll.
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INITIAL POST-BUCKLING BEHAVIOR

A general method for analyzing initial post-buckling behavior is described in Appendix
A. It is an extension of work by Budiansky and Hutchinson [13], and Budiansky [14].
The work of these authors is, in turn, based on an original analysis by Koiter [15,16].
The application of this method will yield the initial slope of the bifurcation path, and will
also show whether buckling of the point-loaded spherical cap is sensitive to small initial
geometric imperfections.

Application of the general theory

Following the procedure developed in Appendix A it will be assumed that the verti­
cal deflection and stress function in a slightly buckled state can be written in the form

{l0dX

f $dx

+~ (20)

where (0, $) is the axisymmetric solution at the given load, (wl,fd is the buckling load
normalized with respect to the thickness, and ~ is a scalar parameter. It is shown in Appendix
A that there is no loss of generality in assuming that (w 2, f2) and the coefficients of higher
powers of ~ are orthogonal to (w 1 ,fl) in some sense. The choice of this orthogonality
condition will lead to a precise definition of ~. It is a consequence of the general theory
that if (20) is asymptotically valid for ~ ~ 1, the deviation from the critical load can be
expressed in the form

!!.- = 1+a~+ b~2 + ...
Pc

(21)

(22)

also asymptotically valid for small ~. It is evident that a = 0 for the spherical cap because
a change in the sign of ~ is equivalent to rotating the cap through n/n degrees, and this
cannot change the sign of the deviation from the critical load. It is the sign of b which will
determine whether the load initially increases or decreases after buckling. Note that (21)
implies

where the subscript c means evaluation at the critical load.
A formula for b is derived in Appendix A. In addition to the axisymmetric solution and

the buckling mode it involves the functions W2 and f2' An appropriate boundary value
problem for these functions can be derived by substituting (20) in equations (l}-(6). After
using the definitions of (0, $) and (w l' fd the resulting equations can be divided through
bye, and ~ allowed to approach zero to obtain

(1 1.) 1 1 (1 1)V 4W2-V2f2+ -f2+2]2 0~--w~$c+-f~0c- -W2+2W2 $~
x x x x x x

(1 1.) (1 1) (1 1 )(1 1)
= -;;f'1 +X2]1 w'i + -;;W'l +x2Wi f'i -2 -;;1'1- X2!1 -;;l'i/l- x2Wi
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(23)

plus boundary conditions (3H6) on (W2,12)' By substituting the known form of (WI, Id
in the right hand sides of (22) and (23) it is easily seen that (W 2 '/2) must be of the form

-r13 dx jp(x)1 {Wln1
x + cos 2nO+C cos nOf ljJ dx X(x) lIn

(24)

where C is an arbitrary constant which can be set to zero with no loss of generality. It is
easily shown that (13, ljJ) and (p, X) satisfy respectively

where

and

(xf3')' - (~+<I>c)f3+(X-0c)ljJ = gl(x)

1
(xljJ')'--ljJ-(x-0c)f3 = g2(X)

x

f3().) = 0

).ljJ'().) - vljJ().) = 0

() 1[2(WI,Jln)' ',J'Jglx=2 n ~x- -WI In

L2 () L () (1, 4n
2

) c\, 1 "<I> 1"c\ (1, 4n
2

)<1>' h ( )2n P - 2n X + -X --2X ~c- -p c+-X ~c- -p --2P c = I X
X X X X X X

p().) = 0

p'().) = 0

1 12n2

).X"'().)-;:-[1-v+4(2+v)n2Jx'().)+yX().) = 0

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)
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where

h l[(lf' n
Zf )" (1, n

Z )f"I(X) = 2: ; In- XZ In WIn + ;W ln - xZ WIn In

+2nZ(~rIn- :Z fIn)(~Wlln- x~WIn)]

hz(x) = -~[nZUW'ln- :Z WInr + UW'ln- ::WIn)W'~nl
To complete the description of the boundary value problems for (13, ljJ) and (p, X) it was
required that

1· 13 .1, "" 01m ,,+,,P,X,xp ,XX = .
x-o

The formula for b derived in Appendix A involves integrals over the shell base plane.
After carrying out the () integration it can be shown by integration by parts that this formula
reduces to

1 f~b = -(0) [f3gI -ljJgz -tx(ph[ - Xhz)] dx.
PcWz. 0

In deriving (35) use has been made of the fact that

(35)

This relation can be verified by substituting for g 1 and gz from (25) and (26), and by making
use of the equations obtained from (7HI1) by differentiation with respect to p. The frac­
tional change in the slope of the load-apex deflection path which accompanies bifurca­
tion can be expressed in terms of band Wz . Let is. and ~ denote respectively the slope of the
axisymmetric equilibrium path, and the slope of the bifurcation path at Pc' Then, directly
from (20) and (21), it can be shown that

~ 1
x= +y

where

Numerical results

The numerical solution of equations (25H34) was accomplished by finite differencing
and the use of Potter's method [17], which is described in Appendix B. The integrals required
for the final evaluation of band wz(O) were computed by Simpson's rule. The results for b
and MiS. are shown in the bottom half of Fig. 4 and Fig. 6 respectively. The plotted values of
b are to be used in conjunction with the equation

p ([))Z= l+b-
Pc t
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where b( = ~t) is the amplitude of the buckling mode contribution to the vertical deflection.
The solid curves represent the values calculated at the critical load, while the dashed por­
tions correspond to the higher eigenvalues shown in the top halfof Fig. 4. On this eigenvalue
plot it is seen that the n = 4 and n = 3 curves have vertical tangents at A. = 9·9 and 13·5
respectively. The curves marked "lower" and "upper" in the b plot correspond to the
branches of the eigenvalue curves lying below and above a horizontal line through the point
of vertical tangency. It is shown in Appendix A that the formula for b would be expected
to become singular at such points. From a practical standpoint the most important observa­
tion to be made from the b plot is that the value corresponding to the critical load is positive.
This means that the load will initially increase after buckling. As shown in Appendix A it
also means that the spherical cap under point load is imperfection-insensitive in the sense
that a small initial geometric imperfection would not be expected to trigger snap-buckling
at a load less than the classical critical load.

In Fig. 6 only the value of tJ./3. corresponding to the critical load has been plotted. The
curve reveals the fact that the maximum initial reduction of the slope of the load-apex
deflection curve is about 30%. This is the value approached as A. tends to large values, and
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FIG. 6. Reduction in slope of load-apex deflection curve at p,.

thus can be applied to the limiting case of a very thin complete sphere. A discontinuity is
associated with the transition between regions in which the buckling mode has a different
number of circumferential waves. At the transition points the analysis must be modified
to account for the fact that the buckling mode is not unique. It was found that the modified
equations admit solutions which say that the cap buckles purely in one mode or the other.
The possibility of buckling in a shape corresponding to a non-trivial linear combination of
the two modes was investigated numerically. No such solution was found at the 5-4 transi­
tion point. At the 4-3 transition, however, it was found that the cap could buckle in a shape
to which the n = 4 and n = 3 modes contribute in roughly a one to four ratio. The corre­
sponding value of !J.j3. is shown on Fig. 6. It is possible that the proximity of the transition
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points to the previously mentioned singular points had an adverse effect on the numerical
accuracy of the two-mode calculation.

DISCUSSION

The results of the analysis presented in the preceding sections may be summarized as
follows. For A. greater than 9·2 the deflection ofa clamped spherical cap under concentrated
load will become asymmetric at a load below the critical load for axisymmetric snap­
buckling. Depending on the value of Athe initial appearance of asymmetry will be charac­
terized by a deflection pattern having three, four, or five circumferential waves. On a plot of
load vs. apex deflection the bifurcation equilibrium path has \l positive initial slope which
is at most about 30 % less than the slope of the axisymmetril; path at the critical load. A
spherical cap with a small initial geometric imperfection would be expected to behave in
qualitatively the same manner as the perfect cap. In particular the presence ofthe imperfec­
tion would not be expected to cause snap-buckling at a load below the critical load for the
perfect structure.

The experimental data reported in [7J, [8J and [18J give qualitative support to the above
results. Penning and Thurston [8J and Penning [18J tested specimens having nominal A
values of 5, 8, 12, 16, and 20. At A = 5 and 8 there was no evidence of snap-buckling or
asymmetric behavior. For A = 12, 16, and 20 bifurcation into an asymmetric deflection
pattern did occur. In fact a steady progression of three, four, and five lobed patterns was
observed as the load was increased. For A = 16 and 20 these results correlate with the
behavior implied by the eigenvalue plot in Fig. 4, where it is seen that for Agreater than 13·5
eigenvalues corresponding to three, four, and five circumferential waves appear in suc­
cession. There is some discrepancy at A = 12 where the present theory predicts that the
initial appearance of asymmetry would be characterized by four circumferential waves.
Asymmetric behavior of the clamped cap is also reported in [7]. The authors state that with
increasing load the axisymmetric dimple increased in size and gradually changed into a
square or hexagon with rounded corners.

The experiments referred to above do not include a measurement of the load at which
asymmetric deflection first appeared, but they do indicate that the initial appearance of
asymmetry is associated with a rising load-apex deflection curve. The fact that the asym­
metry does develop gradually in a program of increasing load would make the critical load
for asymmetric buckling a difficult quantity to obtain experimentally. On several of the
experimentalload-deflection curves presented in [8J and [18J, however, the authors indicate
the nature of the deflection at three or four different load values including one at which it
was axisymmetric. This made it possible to bracket the load at which asymmetric deflection
started to develop. At A = t6 and 20 the critical loads predicted by the present theory fall
within the bounds deduced in this manner, while at A. = 12 the predicted value is some­
what higher than the smallest load at which a well established asymmetric deflection is
reported.
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APPENDIX A

GENERAL THEORY OF INITIAL POST-BUCKLING BEHAVIOR

For some years now a theory of initial post-buckling behavior, developed by Koiter
[15, 16], has been available. It is essentially a perturbation technique which relies on the
principle of stationary potential energy. In recent work Budiansky and Hutchinson [13]
and Budiansky [14] have derived equivalent results by writing the field equations directly
in variational form with the aid of the principle of virtual work. This approach develops the
theory in a form which is especially convenient for application. Their work is limited,
however, by the restriction that the pre-buckling behavior of the structure be linearly
proportional to the load. This is the case in many instances-the cylinder under axial com­
pression, the sphere under uniform pressure-but it is not the case for the clamped spherical
cap. In this Appendix the Budiansky-Hutchinson approach will be generalized to account
for non-linear pre-buckling behavior. One additional reference which deserves mention is
a recent paper by Thompson [19] in which an approach similar to Koiter's is used to analyze
the post-buckling behavior of structures whose equilibrium states can be described by
discrete coordinates.
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Buckling and post-buckling theory of the perfect structure

For the sake of simplicity and generality a highly abbreviated notation, introduced in
[14], will be used in the analysis to follow. Let u, £, q, and (J denote generalized displacement,
strain, load, and stress variables. Each of these symbols can be thought of as denoting a
vector function, with the number and identity of its components determined by the specific
problem under consideration. These variables are assumed to satisfy the strain-displace­
ment law

and the constitutive law

(J = H(E)

(AI)

(A2)

where L1 and H are linear functionals and L2 is a quadratic functional. The internal virtual
work of stress (J through strain variation 15£, and the external virtual work ofload q through
displacement variation t5u, integrated over the entire structure, will be denoted by (J. 15£
and q . t5u respectively. It will be assumed that the equilibrium of stress (J and load q (in the
presence of displacement u) is guaranteed by the condition

(J . 15£ = q . t5u (A3)

for all t5u which are admissible (i.e. which satisfy the geometric constraints of the problem).
Here 15£ is the first order strain variation produced by t5u. If the bilinear functional Lit
is defined by the relation

it follows from (AI) that

t5E = L I (bu)+LII(u,t5u) == t5e+L lI(u, t5u).

(A4)

(AS)

The variational statement ofequilibrium (A3) is the converse of the usual principle ofvirtual
work. In addition to the above relations it will be assumed that the structure satisfies the
reciprocity law

(A6)

for all £ land £2' The investigation will be limited to loadings which can be represented by
pqo, where qo is the loading in some fixed reference state, and p is a scalar parameter.

Let the displacement field associated with a non-buckled equilibrium state of the
structure be denoted by u(p). From (A3) u(p) must satisfy

(A7)

for all admissable bu where

and
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To investigate the possibility of bifurcation buckling at load Pc a solution to (A3) at
load Pc +tip is sought in the form

(A8)

where ~ is a scalar parameter which tends to zero with !i.p. Substitution of (A8) into (A3),
use of (A7), and consideration of the limit as !i.p approaches zero leads to the variational
equation

(A9)

in which

0'1 = H[e l +Lll(ii" udJ

c5tc = c5e+Lll (iic,c5u)

Equation (A9) is the variational statement of the eigenvalue problem for bifurcation
buckling. In the analysis to follow Pc will denote the lowest eigenvalue of (A9), and it will be
assumed that it corresponds to a unique buckling mode U 1 .

In a slightly buckled state the displacement can always be written in the form

u(p) = ii(p)+ ~UI +W (A 10)

where UI has been normalized in some manner, and ~ is again a scalar parameter. The
parameter ~ can now be defined precisely by requiring, with no loss of generality, that w
be orthogonal to u l in some sense. In particular, if QII is a bilinear operator satisfying the
condition Qll(UI , ud #- 0, the orthogonality condition

(All)

implies

~ = Qll(u-ii, ud .

QII(UI, UI)

Roughly speaking then, ~ can be regarded as a measure of the "participation" of U1 in the
displacement which has occurred after the initiation of buckling. It is now reasonable to
assume that w can be represented by a perturbation series of the form*

It will be assumed that this series is at least asymptotically valid for ~ ~ 1. The displace­
ment (AIO) now takes the form

(AI2)

* It is easily shown Ihat a firsl order term in ~ would violate Ihe orthogonality condition (All) because its
coefficient would have to satisfy the buckling equation (A9), and hence be a multiple of u l'
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Corresponding expressions for strain and stress can be found by substituting (A12) in (AI)
and (A2). Thus

&(p) = i!(p)+~[el +L11(o, UI)]

+~2[e2 +tL2(ud+LII(O, U2)]

+~3[e3 +L11 (UI, u2)+L II (O, U3)]+ ... (Al3)

where en = LI(un). It will now be assumed that ii(p) can be expanded in the Taylor series

(A14)

where primes denote differentiation with respect to p. In addition it will be assumed that
piPe admits the asymptotic representation

(A15)

With these assumptions & and a can be written in the expanded form

(AI6)

where

&1 = e l + LII(iie, UI)

&2 = e2+LII(iic,U2)+tL2(ud+(aPe)LII(ii~,UI)

&3 = e3 + L ll (o" U3)+ L 11 (U 1o u2)+(bPc)Lll(O~, ud

+ (a~e)2 1(0;, uI)+(apJLII(O~, U2)

and an = H(&n)'
If the displacement field (AI2) is perturbed in the shape OU the accompanying strain

variation is

(A17)

The equation of equilibrium in a slightly buckled state is obtained by substituting (AI6)
and (AI7) in equation (A3). Then, after simplification with the use of (A7), one obtains

Wf. LII(u l , ou)+a l . bi!] +~2[if. L I1 (U2, ou)+a l . L 11 (U1, ou)+a2 . Oi!]

+ e[if . L ll(U3, ou)+ al . L ll(U2, ou)+ a2 . L 11(UI, ou)

+a3 . Oi!] + ... O. (A18)

From (AI8) explicit formulas for the coefficients a and b in (AI5) can be found. This is
accomplished by expanding the barred quantities in (AI8) in powers of ~ with the help of
(AI4, 15). Then ou is set equal to UI , and the result simplified with the use of

n = 1,2, ... (AI9)
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which is a direct consequence of equation (A9). Equating to zero the coefficient of the
lowest order (quadratic) term in ~ then gives

aPeBZ(ut)+iat . Lz(u t ) = 0

where

Bz(utl = a~. L z(u t)+2Gt . Ltt(ij~, utl·

Thus, assuming Bz(utl #- 0,

(A20)

a=
iat .Lz(utl

PeBiutl
(A21)

The formula for b is obtained by equating to zero the coefficient of the ~3 term. For simplicity
and because it represents the most important instance, the formula will be written only for
the case in which a = O. Then

(A22)b=
Gz· Lz(utl+2CJt . Ltt(ut, uz)

peBz(u t )

To calculate b the function Uz must be found. An equation for this purpose can be obtained
directly from (AI8) by again making use of(AI4, 15). The result (for a = 0) is

(A23)

This equation leaves Uz undetermined to the extent of an arbitrary multiple ofu t • By direct
substitution in (An) it is readily seen that when a = 0 all such solutions give the same value
for b. For the cases a#-O or a = 0, b #- 0 formula (A21) or (A22) is sufficient to determine the
variation of piPe with ~ immediately after buckling. Note that in the latter case the sign of b
alone determines whether the load initially increases or decreases.

In applying formula (A22) to the spherical cap problem it was found that Bz(u t )vanished
under certain circumstances. Re-examination of the theory led to the following result.
Suppose that after non-dimensionalization the field equations contain, in addition to the
load parameter P, a parameter ii (typically characterizing the geometry of the structure).
Let C denote the curve formed when one of the eigenvalues of (A9) is plotted against ii, and
let ii(p) be the functional representation of C. Along C the buckling mode U1 can be regarded
as a function of P, and with bu = ut(p) (A9) gives

a(p,ii). Lz[ut(p)]+Gt(p,ii). Et(p, ii) = 0

on C. Let the function on the left-hand side of this equation be denoted by g(p, A), and note
that the derivative ofg with respect to distance along C must also vanish on C. Now suppose
there exists a point (Po, iio) on C at which A'(p) vanishes. At this point the derivative of g
along C will equal the partial of g with respect to P at constant A. Thus

8g( ')8p Po, "'0 = O.

Now by a second application of (A9) with bU = U't (Po) it can be shown that

Bz[ut(po)] = :;(po, Ao) . (A24)
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Thus B2(ud will vanish at Po, and formulas (A21) and (A22) for a and b will become singular.

The imperfect structure

Following previous investigators [13-16,19] it is ofinterest to see how the above theory
relates to the case in which the structure has a small initial stress-free geometric imperfec­
tion D. The strain can be re-defined in terms of the additional displacement u by

t = L\(u)+ ±Lz(u)+Lll(o, u).

It is reasonable to presume that the behavior will be most sensitive to an imperfection in the
shape of the buckling mode. Thus 0 will be taken in the form ~u\, where ~ is a scalar para­
meter. If only the lowest order terms in ~ are retained the additional displacement can still
be represented by (A12). The neglected terms in this procedure are O(~~). To the same order
in ~ the equilibrium equation (A3), with bu = U\, now gives

Wt. L 2(u\)+ 8\ . E\] + e[a . LIl(u\, uz)+ 8 1 . (Ez + Lz(ul»]
+C[a. L\\(u\, u3)+8 1 . (E3+L\I(U\, u2»+8z . L 2(uI)] + ...

- ~[a . L 2(Ul)+ 8 1 , L ll(u\, ii)] (A25)

where

E 1 = et +Llt(ii, u t)

E2 = e2+ L Il (ii, uz)+ tL2(uI)

E3 = e3+ L tl(ii,U3)+Lll (UI,UZ)

and 8 n = H(En). Equation (A25) is an implicit description of the relationship between P
and ~ in the presence of imperfection ~. It may be expected to be asymptotically valid for
sufficiently small ~ and ~.

It is of primary interest to determine whether the p-~ relationship described by (A25)
has a local maximum at a load Ps less than the critical load for the perfect structure. A
necessary condition for a maximum at ~ = es is

[a. Lz(u t )+8t . Eds + 2es[a . LIl(ut, uz)+8 1 • (E2+ Lz(u\))]s

+3e;[a . Lit (u t , U3) + 8 t . (E3+ L tt (u\, U2» + 8 z . L2(udJs + ...

=0 (A26)

where the subscript sdenotes evaluation at Ps' Now Ps and ~ can be regarded as functions of
es satisfying

piO) Pc

~(O) O.

Thus it is reasonable to assume that for sufficiently small es

Ps = 1+(X~~
Pc

(A27)

(A28)
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The unknown coefficients and exponents can be found by substituting (A27) and (A28) in
(A26) and the equation obtained by evaluating (A25) at ~s' Then, for a balance oflowest
order terms, it is found that k = 1, m = 2, IX = 2a, and

fJ = apcB2(ud
(51' edc

where the subscript c means evaluation at Pc' These results may now be substituted in
(A27) and (A28) and es eliminated to obtain the asymptotic result

(
I_PS)2 = 4a{ (51 .el)c . (A29)

Pc Pc B2(ud

For one sign or the other of a~ this equation admits a real-valued solution Ps < PC" Ifa = 0
the balance of lowest order terms in (A25) and (A26) gives k = 2, m = 3, IX = 3b, and

fJ = 2bPcBi}l_ll .
(51' edc

This in turn leads to the asymptotic equation

(1- Ps) 3/2 = _ 3")3 jJ_=!!.l{ ~51 . el)c .
Pc 2 Pc B2(U1)

(A30)

Only for b < 0 does this equation admit a real-valued solution Ps < Pc' In the terminology
of [13, 14J structures for which a #- 0, or for which a 0 with b < 0 are imperfection­
sensitive. That is a small imperfection may be expected to trigger snap-buckling at a load
below the critical load of the perfect structure. By the same token structures for which
a = 0 with b > 0 are said to be imperfection-insensitive. Equations (A29) and (A30) are
analogous to those derived by Thompson [19J for structures whose equilibrium states can
be described by discrete coordinates.

Spherical cap formulas

For a spherical cap the strain-displacement equations are (with ( )' == (%r)( »

Br = U' +iW' +1(w'f

1 1.1(1.)2
eo = -U+-V+--W

r r 2 r

1(1. 1 1. 1. )
erO = - - U - - V + V' +- W + WW'

2 r r R r

K r = - W"

1.. 1
Ko = --W--W'

r2 r

(A31)

(A32)

(A33)

(A34)

(A35)

(A36)
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where [;n [;0' 6r8 are the radial, tangential, and shear strains, K, and K e are the curvature
changes in the meridional and circumferential planes, K,o is the shell twist, and U, Y, and W
are the horizontal radial, horizontal tangential, and vertical displacements. The principle
of virtual work states that if the membrane forces N" Ne, N,e, and the bending and twisting
moments M" M o, M,o (Fig. 3) are in equilibrium with load P, and if the corresponding
displacement field is varied in the shape (bU, bY, bW)-arbitrary but for the requirement
bU = bY = <5W = bW' = 0 at r = ro-then

f" de fa rdr[Nr&r+Ne&0+2N,o&ro+M,bKr+MobKo+2MrobKroJ = PbW(O) (A37)

where &., &e etc. are the first order strain variations calculated from (A31HA36). In
shallow shell theory the membrane forces are derived from a stress function F by

No = F"

Thus, for a spherical cap

(J. Ltl(u, bu) = f" dO fO r dr[UF' + r~ F) W'bW'

+ :2 F"WbW-~UP)'(W'bW+WbW') ] . (A38)

Using (A38) it is a simple matter to express a and b in terms of the functions appearing in
the expansion (20). It is then easily verified that a = 0 and that the formula for b in terms of
non-dimensional variables is

f" dO J: XdX[2(~f'1 +:2JI)W'IW2-~(~I)'(W;W2+WIW2)

2 f"" (If' 1 J)( ')2 2(12)" , 1 f" .2J+2 t W I W2 + - 2+2 2 WI -- - WIW I +2 2 W I
x x X xx x

b=

(A39)
APPENDIX B

NUMERICAL PROCEDURE

Axisymmetric problem

A technique known as Newton's method was used to solve the non-linear system (7)­
(11). This method has been described by Thurston [20], and has previously been applied to
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the spherical shell problem by Mescall [6J, and by Penning and Thurston [8]. A brief
description will be given here for the sake of completeness.

Let (8, $) be an estimate of the solution, and denote the difference between it and the
exact solution by (<50, <5<1». Thus

(Bl)

Now substitute (Bl) in equations (7)-(11) and delete quadratic terms in <50 and <5<1> to
obtain the system of linear correctional equations

(
1 -) - [- 1 - - - - J(x<50')' - ~+<I> <50+(x- 0)<5<1> = - (x0')' -~0+x<l>-<I>0+P

1 - [- 1 - - 1 - 2J(x<5<1>')' --<5<1>-(x- 0)<50 = - (x<l>')' --<I>-x0+-0
x x 2

<50(A) = 0

A<5<1>'(A) - v<5<1>(A) = 0

lim <50, <5<1> = 0 .
x-o

(B2)

(B3)

(B4)

(B5)

(B6)

In writing equations (B4)-(B6) it has been assumed that (8, $) satisfies the homogeneous
boundary conditions (9)-(11). Equations (B2)-(B6) are now solved numerically (see
below) to obtain an improved estimate of the solution, which can be used to obtain new
corrections, and so on until some appropriate convergence criterion is satisfied. The
criterion used here was that the correction functions be uniformly less than 0·01 %of the
maximum value of the current estimate of the solution. The load-apex deflection curve was
efficiently generated by first solving the linearized version of (7)-(11) at a small load (p = 1,
say) where the linear solution is valid. With this solution as initial estimate the non-linear
problem was solved at a slightly higher value of p. The converged result was used as the
initial estimate at a somewhat larger p and so on. With an increment of one or two units in p

at each step a very satisfactory rate of convergence was obtained.* Figs. 7, 8 and 9 show
typical results obtained at A = 11. Figure 7 is a plot of load vs. apex deflection, and Figs. 8
and 9 exhibit the vertical deflection, and radial and tangential stress resultants as functions
of the meridional coordinate.

The first step in the numerical solution of the linear correctional system (B2)-(B6) was
to subdivide the shell meridian with equally spaced mesh points j = 1,2, ... , N and to
approximate the derivatives with central difference formulas. Equations (B2) and (B3)
can then be written in the matrix form

where

j = 2, 3, ... , N - 1 (B7)

* There was, of course, a dramatic breakdown in convergence associated with the appearance ofa local maxi­
mum on the load deflection curve.
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FIG. 7. Axisymmetric load-apex deflection curve A = II.

A, Band Care 2 x 2 coefficient matrices, and d is a two-component vector. The boundary
conditions (B4HB6) lead to the equations

-G<5YN-I + H<5YN + GbYN+ 1 = 0

bYl = 0

(B8)

(B9)

where G and H are again 2 x 2 matrices and an (N + l)st mesh point has been introduced
to permit a central difference representation of derivatives on the boundary x = A. The
system of equations was completed by applying (B7) at j = N. The solution of the system
was effected by Potters' method [17]. In the application of this method a vector Sj and a
matrix Qj are introduced by writing

j = 1,2, ... , N (BlO)

Substitution in (B7) leads to the recurrence relations

Sj = (AjQj-l +Bj)-l(dj-Ajsj_d

Qj= -(AjQj_l+BF1Cj

j = 2,3, ... , N.

(Bll)
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FIG. 8. Axisymmetric vertical deflection A = II p = p, = 13'28.

Equation (Bll) is applied atj 2 by taking

51 = 0; Ql = 0 . (BI2)

Finally, by combining (B8) and the result of applying (B7) at j N, one obtains

bYN+ 1= [G+HQN- GQN-1QNJ I[G(SN_l +QN-·15N)-HsNJ. (BI3)

The solution is now accomplished by sequential application of(B12), (BIl), (B13) and (BIO).

Buckling problem

With a procedure available for finding the axisymmetric solution at a given load the
buckling loads can be calculated. Potters' method was again employed. This method has
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FIG. 9. Axisymmetric radial and tangential stress resultants i. = II P = Pc 13·28.

previously been applied to equations (l3HI8) by Huang [12] for the uniform pressure case.
Again dividing the shell meridian as before and using central difference formulas (13) and
(14) can be written in the matrix form

j = 2, 3, ... , N - 1 (BI4)

where A, B, and C now represent 4 x 4 matrices some of whose elements involve the solution
of the axisymmetric problem and

y=
ftn

w'in

f "In

The boundary conditions (l5HI8) take the form

-GYN-t +HYN+GYN+l = 0 (B15)

where G and H are also 4 x 4. It is readily shown that the apex conditions (19) are equivalent
to the statement A2Yl = O. Again the system is completed by application of(BI4) atj = N.
Since the system is homogeneous one now writes

which leads to the recurrence relation

j = 1,2, ... , N (BI6)

j = 2,3, .. . ,N (B17)
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with Ql = O. Equations (B14) (atj = N) and (B15) may be combined to obtain

(G+HQN-GQIV-IQN)YN+l = O.

The condition for a non-trivial solution thus becomes

(B18)

where I denotes the identity matrix. The zeros of lSI were located by calculating its value
for each of a closely spaced sequence of load values. A recent paper by Blum and Fulton
[21] proved extremely helpful in carrying out this procedure. These authors show that, in
addition to zeros, this determinant is likely to have singular points at which it also changes
sign. The presence of such points can lead to obvious practical difficulties in locating the
zeros. They suggest a "fix" which removes the sign changes associated with the singularities.
Their procedure is based on recognition of the fact that the full determinant of the linear
system (B14, 15) can be written in the form

(B19)

Now, assuming that D itselfis a continuous function of the load, its only sign changes will be
associated with its zeros. Thus, by computing

(sign of D) . (absolute value of lSI)

rather than lSI itself, the sign changes associated with the singularities of lSI are removed.
The sign of D is found by determining the sign of each factor in (B19) at the time the corre­
sponding matrix is inverted for use in (B17).

(Received 28 April 1967 ; revised 21 August 1967)

A6cTpaKT-l1ccilCAYCTC~ ynpyroc Bbmy'lHBaHHe H Ha'lailbHOC rrOBe)lCHHC nOCilC BbmY'lHaaHJlli 3aACilaHb1X,

nOilorHX, C4JCpH'ICCKHX 060ilO'lCK, HarpYlKCHHblX COCpC)lOTO'lCHHOit CHilOH. OnpCACilllCTC~, 'lTO 6114Jyp­

Kal.lll~ HCCIIMMeTpH'lHOH 4JOPMhl H3rH6a nOllBHTCli nCpCA OCCCHMMeTpH'IHOM BHC3anHblM BbmY'lHBaHIICM,

HCCMOTpli lIa :no, 'ITO OTHOlliellHe BblCOTbl 060nO'lKH K TOillllHHC HaXOAHTCH B Y3KOM HIITcpBailC, COOT­

BCTCTByKlIllHM OTHOCHTCilbHoro TonCTblM 060nO'IKaM. Ha'ianbllblH aHailH3 nOBeACIIH~ nOCilC Bbmy'lH­

BaHHlI yKa3blaaCT, 'ITO 060ilO'lKa coxpaHliCT caOKl HCCYIllYKl cnoco6HOCTb npa ncpeXO)le K HCCHMMCTp­

H'IHOit 4JOpMC BhlrrY'lHBaHHlI. 3TII pe3YilbTaTbl ~BJ1~KlTCH, Ka'lecTBeHIIO corilaCHblMH, C AocTynllblMH

3KcrrepHMellTailbllblMH pC3ynbTaTaMH .


